The Maxwell concept of equivalent inhomogeneity is re-examined in the context of elastic composite, porous or micro-cracked materials of periodic structure. It is demonstrated that accurate estimates for the effective elastic properties can be obtained by the modified Maxwell approach that employs the proper shape of the equivalent inhomogeneity and explicitly accounts for the geometry of the cluster and for the interactions between its constituents. In addition, it is shown that regular polygonal and some other symmetric inhomogeneities possess 'strange'and remarkable properties. Under the action of uniform far-field loads, the averages of certain combinations of stresses inside these inhomogeneities are constant and coincide with those for a circular inhomogeneity.
Introduction
The idea of an equivalent inhomogeneity originally proposed by Maxwell (1) to estimate the effective electrical conductivity of materials is so simple, elegant, and intuitively appealing that it has been re-invented again and again. In the contexts of dielectric, magnetic and optical effective properties, similar approximations were independently obtained by Clausius, Mossotti, L. Lorenz, H. Lorentz and Maxwell Garnett, see (2, 3) and the references therein. More recent studies using Maxwell's idea can be found in (4)- (15) .
While a few publications of that kind (4, 12) deal with the evaluation of the effective elastic properties, (16) and (17) were the first papers that articulated Maxwell's idea for elastic problems and properly attributed its origin to Maxwell. In recent years, Maxwell's methodology gained much attention and was re-evaluated and generalised. In particular, the method suggested in (11, 12) , (18) - (22) allowed for precise inclusion of the information on geometrical arrangement of the constituents of the cluster and their interactions (early attempts to approximately include such information were made in (8)- (10) . The method provided quite accurate estimates for periodic composites with moderate contrasts in phase properties and for moderate volume fractions. However, it becomes sensitive for the composite materials with high phases' contrasts and high volume fractions. In addition, the estimates diverge with the increase in the size of the cluster (the number of its constituents); this fact contributed to the critique of the method in (23) An attempt to investigate the issue of shape of an equivalent inhomogeneity has been already made in (19, p. 414) . It was done by performing boundary element method-based experiments with the hexagonal equivalent inhomogeneity and comparing the induced far-field stresses numerically, but the results were not conclusive.
The influence of the inhomogeneity shape on the effective properties of the material was studied in (24) - (26) in more general setting. In the first paper, it was demonstrated that the average strain induced in the inhomogeneity by the applied loads is shape-dependent. The main conclusion of the latter two studies was that the shape of the equivalent inhomogeneity has to be elliptical (ellipsoidal for the three-dimensional problems). The major reason for such conclusion was the availability of closed form analytical solutions for the fields due to these inhomogeneities.
However, in the present article, using boundary element analysis, we demonstrate that for a material that is characterised by a cluster with hexagonal symmetry, the shape of the equivalent inhomogeneity should be chosen to be the same as that of a unit cell (hexagonal for that case). In addition, using the approach presented here, we discovered some remarkable properties of regular polygonal and other symmetric inhomogeneities. We believe that those properties are related to the properties of the corresponding Eshelby equivalent inclusions-inhomogeneities of the same elastic properties as those of the matrix subjected to the prescribed uniform strains (eigenstrains), see (27) - (29) . The corresponding problems were extensively studied in (30)- (38) . In these papers, it was demonstrated that the isotropic part of Eshelby's tensor field over an inclusion of arbitrary shape is uniform and identical to the constant Eshelby's tensor for a circular inclusion in two dimensions or a spherical inclusion in three dimensions. The properties of that kind are referred to as 'strange' (36) .
While the complete investigation of the relations between the 'strange' properties of the Eshelby inclusions and those for the corresponding elastic inhomogeneities is beyond the scope of the present article, the interconnection between the two classical and fundamental concepts of equivalent inhomogeneities is fascinating. However, it comes as no surprise because it has been already demonstrated, see (13, 17, 19) , that most effective medium theories and variational bounds (that are based on the Eshelby solution) can be obtained using the classical, non-interacting, concept of Maxwell's equivalent inhomogeneity.
The article is structured as follows. In Section 2, the classical concept of Maxwell's equivalent inhomogeneity is described and the generalized Maxwell approach of (19) is briefly reviewed. In Sections 3-5 (with the details provided in the Appendix), we consider the problem of finding the elastic properties of the arbitrary shaped inhomogeneity whose asymptotic far-fields' expansions contain the same leading terms as those for the circular inhomogeneity. In Section 6, we analyse the obtained interrelations between the elastic properties of arbitrarily-shaped and circular inhomogeneities. This analysis leads to the discovery of some remarkable properties of regular polygonal and other symmetric inhomogeneities. In Section 7, employing the interrelations obtained in Sections 4 and 5 and the results on the effective properties obtained in (19, 20) (with the use of the circular equivalent inhomogeneity), we recalculate the effective transverse elastic properties for the materials with hexagonal structure. We demonstrate that these new estimates do not diverge with the size of the cluster unlike the corresponding circular inhomogeneity-based estimates. Finally, in Section 8, we discuss the obtained results and outline the direction for future work.
Maxwell's idea. Review of the generalized Maxwell's approach
Maxwell's idea, in application to elastic materials, employs the assumption that a cluster that represents the material in question ( Fig. 1(a) ) affects the fields at large distances away from it in the same manner as an equivalent circle ( Fig. 1(b) ) whose elastic properties are equal to the effective ones. The radius R of the equivalent circle is chosen such that ratio of the total area occupied by the cluster to that of the equivalent circle reflects the volume fraction of the material. Original idea does not include the interactions between the constituents of the cluster or their geometrical arrangements. In application to the elastic effective properties of unidirectional composites, it yields the following results for the effective two-dimensional bulk modulus K * ef , shear modulus μ ef , and longitudinal shear modulus μ L ef (17, 19) :
in which K * , μ are the corresponding moduli for the isotropic matrix, κ = 3 − 4ν, ν is Poisson's ratio and 6) where N is the number of fibre phases, c j is the volume fraction of j-th phase, j = 1, . . . , N, and K * j , μ j , μ L j are the corresponding moduli for that phase. For two-phase unidirectional composites, N = 1, and the moduli of (2.1)-(2.3) are the only independent moduli. The remaining two moduli ν L ef and E L ef are related to those of (2.1)-(2.3) by the so-called Hill's connections (39) :
in which the notation · is used for the rule of mixtures, for example,
ef , E L ef are the longitudinal Poisson's and Young's moduli, respectively. It was shown in (17, 19) that, for two-phase composites, the estimates of (2.1), (2.3) are identical to those provided by the (i) composite cylinder model, (ii) generalized self-consistent model, and (iii) Mori-Tanaka method. It is also shown in the same papers that the estimates of (2.1)-(2.3) are identical to the expressions for the lower (upper) Hashin-Shtrikman bounds if the fibres are stiffer (softer) than the matrix.
The generalized Maxwell approach of (19) employs the same idea but fully accounts for the interactions among all constituents in the cluster. The far-fields due to the cluster are precisely evaluated for several elasticity problems (the plane strain problem to evaluate the transverse twodimensional effective bulk and shear moduli, the antiplane problem to evaluate the longitudinal shear modulus) by semi-analytical methods. Each effective constant is obtained by comparing the far-field solution of the corresponding problem with that for the equivalent inhomogeneity whose properties are equal to the effective ones and the radius is chosen from the same considerations as in original Maxwell's scheme. The final expression for the three effective moduli are given by the expressions of (2.1)-(2.3) but with different parameters, see equations (44), (45) , (49) , (50), (60) and (61) in (19) for fibres of circular cross-sections. The expressions for the transverse effective properties for the fibres of arbitrary shapes and micro-cracked materials are given by (20, eqns (15)- (18)). It can be seen from those expressions that the effective elastic properties are written in terms of a few coefficients involved in asymptotic multipole expansions for the fields.
To investigate the influence of shape of the equivalent inhomogeneity, we formulate the following auxiliary problem: determine the properties of a non-circular inhomogeneity such that the asymptotic expansions of the far-fields induced by it have the same several leading coefficients as those induced by the circular inhomogeneity. This problem should be formulated separately for the plane strain and antiplane conditions. To solve these problems, we need to investigate the asymptotic expansions for the far-fields for two counterpart elastic problems each involving a single inhomogeneity: one of circular shape and another one of arbitrary shape.
The expressions for the far fields induced by the inhomogeneity

Plane strain problem
We assume that the isotropic elastic circular inhomogeneity of radius R has its centre at the origin of the Cartesian coordinate system x 1 Ox 2 ( Fig. 2(a) ). The elastic properties of the inhomogeneity R x 2 n s We employ complex variables formalism by Muskhelishvili (40) in which all elastic fields are expressed via the two Kolosov-Muskhelishvili complex potentials ϕ(z), ψ(z) as follows:
3)
are the complex displacements, σ 11 , σ 22 , σ 12 are the components of the stress tensor, (z) = ϕ (z), (z) = ψ (z), and a bar over a symbol denotes complex conjugation.
The analytical solutions for the potentials for the problem of Fig. 2 (a) are available (40) . The corresponding potentials for the point z located outside the inhomogeneity are (41)
in which μ c , κ c are the corresponding elastic constants for the circular inhomogeneity and
The corresponding potentials for the problem of Fig. 2 (b) are (41, 42)
in which μ in , κ in are the corresponding elastic constants for the inhomogeneity of arbitrary shape,
are the normal and shear tractions. Note that the complex tractions can be expressed via (z) and (z) as follows:
Assuming that the point z is located far away from the inhomogeneity, one can obtain the following asymptotic expansions for the complementary potentials com 
Antiplane problem
Let us formulate two counterpart antiplane problems that involve the inhomogeneities shown in Fig. 2 (a) and (b). Assume that, in both cases, the uniform far-field load σ ∞ 13 is applied. Both problems are governed by Laplace's equation. The solution for the first problem is well known; see (19) and the early references therein. Displacement u 3 at the point z located inside the matrix can be written in the following form: where μ L c is the longitudinal shear modulus for the circular inhomogeneity and
The solution for the second problem is also available in (43, 44) . Displacement u 3 at the same point z is
in which μ L in is the longitudinal shear modulus for the inhomogeneity of arbitrary shape. Assuming that z is located far away from the inhomogeneity, one can obtain the following asymptotic expansions for the complementary displacement u com
Solution of the auxiliary problems
In the following we consider three types of loading conditions. Two of them are loadings for the plane strain problem:
Hydrostatic load
The complementary potentials of (3.4), (3.5) for hydrostatic load can be rewritten as follows:
Assuming that the asymptotic far-field expansions of (3.10), (3.11) contain the same leading terms as the corresponding expansions of complementary potentials of (4.1), we obtain, by comparing the corresponding terms involving 1/z and 1/z 2 , the following set of integral equations:
Shear load
The complementary potentials of (3.4), (3.5) for the shear load are
Using (3.10), (3.11) and similar arguments as those for the hydrostatic load, we obtain the following system of integral equations:
Antiplane load
The comparison of the complementary displacements of (3.12), (3.15) leads to the following set of equations:
(4.14)
Analysis of the equations of Section 4
Hydrostatic load
In this case, (4.2), (4.4) are identical equations of equilibrium of the resultant force and, therefore, they are automatically satisfied. Equation (4.5) expresses the equilibrium of the resultant moment, and, therefore, it is also automatically satisfied. A closer look at (4.3), see Appendix, reveals that it implies the following:
where D is the area of the inhomogeneity, Fig. 2(b) . It is clear that the integral in (5.1) does not vanish for the inhomogeneity of arbitrary shape. Therefore, (4.3) could only be valid for problems that possess a certain type of symmetry. The descriptions of the problems of that type will be given in the next Section. However, if (4.3) is, indeed, satisfied then (4.6) provides the interrelation between the elastic properties of the circular inhomogeneity and those for the inhomogeneity of interest (that induces far-fields identical up to O(1/z 2 ) to the corresponding far-fields due to the circular inhomogeneity). The two-dimensional bulk modulus of such inhomogeneity is related, by (4.6), to the corresponding modulus of circular inhomogeneity as follows:
where the meaning of is that of the following combination (see Appendix):
Shear load
Similar analysis of (4.8)-(4.12), see Appendix, reveals that (4.9), (4.10) and (4.12) are the only equations that are not automatically satisfied. Equations (4.10) and (4.12) imply that the area integrals over the following stress combination vanish:
As in the previous case, these can only be satisfied for problems of certain types (see the discussion in the next Section). The shear modulus of such inhomogeneity is related to the shear modulus μ c as follows:
in which the meaning of is that of the following combination (see Appendix):
Antiplane shear load
The implication of (4.13) is that
which could only be valid for problems with certain types of symmetry. For such problems, the interrelations between the properties of the inhomogeneity associated with the problem and those of circular inhomogeneity are
Interpretation of the equations of Section 5 and 'strange' properties of symmetric inhomogeneities
The problems formulated at the end of Section 2 could be solved in two different ways: (i) find the elastic properties of the inhomogeneity assuming that it has the same area as the circle, and (ii) find the area of non-circular inhomogeneity assuming that its elastic properties are the same as those for the circular one. If the area of the inhomogeneity D is equal to that of the circle, π R 2 , then the expressions on the right-hand sides of (5.3), (5.6) and (5.9) involve the volume (area) averages of the hydrostatic stresses, deviatoric stresses and ε 13 strains, respectively; this fact is in accordance with the results of (24) . Therefore, the properties of the inhomogeneity D are expressed by (5.2), (5.5) and (5.8) via the corresponding properties of circular inhomogeneity of the the same area and via the averages given by (5.3), (5.6) and (5.9), respectively. However, these averages also depend on the elastic properties of the inhomogeneity D.
To resolve this issue, we implement a simple iteration procedure in which we first solve the boundary value problem of the inhomogeneity of the same geometry as D but with the properties, K * in 0 , (μ in ) 0 taken to be the same as for the corresponding circular inhomogeneity,
The boundary value problem is solved by means of the complex variables boundary element code described in (45) . The elastic properties K * c , μ c can be evaluated using the approach suggested in (19, 20) . The new elastic properties, K * in 1 , (μ in ) 1 obtained from (5.2), (5.5) and (5.8) are then used in the next iteration. The process is terminated when the difference between the values obtained in the last two iterations becomes less than the prescribed accuracy level.
If it is assumed that the inhomogeneity D has the same properties as the circular inhomogeneity, then (5.2) and (5.3), (5.5) and (5.6), and (5.8) and (5.9) provide the means to evaluate the area of the inhomogeneity D via the area of the circle, its properties, and the corresponding averages of the fields. However, we have not explored this option in the present study.
As it was stated above, the inhomogeneity D has to possess certain symmetry properties for the auxiliary problem to have the solution. The results of our numerical experiments suggest that, for (5.1), (5.4), and (5.7) to be valid, the inhomogeneity D has to be symmetric at least with respect to two coordinate axes. However, convergence of the corresponding iteration procedures might require stronger symmetry conditions. The case of hexagonal symmetry considered here does satisfy those conditions. 
Numerical results
In this Section, the proposed approach is used to evaluate the effective transverse properties of two-phase composite material with hexagonal (triangular) arrangement of fibres (holes) and those of micro-cracked materials. The reason for this choice is the availability of highly accurate benchmark results provided in (46, 47) for circular fibres/holes and the results for the transverse moduli K * c , μ c provided, for some cases, in (19, 20) .
Circular fibres/holes
The examples of two clusters of the material with N = 7, and N = 37 fibres (holes) are shown in Fig. 3(a) and (b) . We now postulate that the shape of the inhomogeneity D is that of a hexagon whose area is equal to that of the circular inhomogeneity considered in (19) . This area is ‡ The Poisson ratio of the matrix for these cases is chosen to be ν = 0.35.
The results for K * c /K * , μ c /μ for case 2 are tabulated in Tables 4 and 5 in (19) . The results for case 3 were calculated anew using the approach of (19) . We emphasise again that this approach takes full account of the interactions among all constituents of the cluster as well as its geometry.
In all cases, the two elastic moduli of the hexagonal inhomogeneity, K * h /K, μ h /μ, were calculated from the iteration procedure described in the previous section. The parameter defining the accuracy Table 2 Normalised effective bulk modulus, μ f /μ = 22.5 level was set as 10 −4 . The values of the moduli for each iteration were obtained from (5.2), (5.5) in which the elastic moduli needed to evaluate , were taken from the previous iteration. The number of iterations depended on the volume fraction and contrast in properties. This number varied from 1 (for low volume fractions) up to 80 (for high volume fractions and high contrast). The boundary element solution required to evaluate , employed 16 elements on each side of the hexagon and quadratic approximations for the unknown complex tractions on each element; see (45) for the details.
The results K * h /K * for the three types of materials are given in Tables 1-3 Tables 4-6 and plotted in Figs. 6 and 7 . In all cases, the corresponding equations, (5.1), (5.4), were satisfied up to five significant digits. Table 3 Normalised effective bulk modulus, μ f /μ = 135 It can be seen that, as expected, the shape of the equivalent inhomogeneity becomes important for the materials with high phase contrasts and high volume fractions. This trend is more pronounced in the case of shear load, where the estimates based on the circular shape diverge with the increase in the size of the cluster, while the new estimates seem to be consistent and accurate. Note, that, as seen in Tables 4 and 5 of (19), classical homogenisation schemes do not provide accurate estimates for such materials as well. The results presented so far were obtained with full account for the geometry of the clusters and the interactions. It is interesting to investigate the issue of the shape for the classical Maxwell noninteracting approach. The corresponding results are given in Tables 7 and 8 for two extreme cases of phase contrast. It can be concluded that for low volume fractions, the shape plays no role on the estimates. However, for the higher volume fractions the estimates based on the circular shape are better. We believe that that shape tends to overestimate/underestimate the moduli for stiff/soft fibres and, therefore, allows to somewhat compensate for the lack of the accounting for interactions. 
Hexagonal holes and cracks
The clusters that represent such materials are shown in Figs. 8 and 9 for three volume fractions c (crack densities f ). The two elastic moduli K * h /K * , μ h /μ are in Tables 9 and 10 . By comparing the corresponding results of Tables 1, 4 and 7, it can be concluded that (i) the corresponding estimates for the cluster with hexagonal holes are smaller than those for the cluster of circular holes, and (ii) as before, the shape of the equivalent inhomogeneity becomes more important for the materials with high volume fractions.
In case of microcracked material considered here, the influence of the shape of the equivalent inhomogeneity is not that pronounced. The results obtained with hexagonal shape differ from those obtained with the circular shape only in the last significant digit. 
Conclusions
In this article we proposed an algorithm to account for the shape of equivalent inhomogeneity in generalised Maxwell's approach for periodic composite, porous and microcracked materials. This algorithm was designed to study and understand one of the oldest homogenisation schemes. Using the algorithm, we re-evaluated effective transverse elastic moduli of the materials with hexagonal symmetry. We showed that the use of the shape that coincides with that of the material's unit cell leads to the estimates for the effective properties that are consistent with the predictions of available periodic solutions in the whole range of volume fractions. This is especially true for the estimates of the effective transverse shear modulus for the materials with high volume fractions and high phase contrasts (for which previous circle-based estimates were less accurate). However, accurate results for such materials are obtained by explicitly accounting for the interactions between all constituents in the cluster. As shown in the present article, in non-interacting setting, the estimates based on circular shape are better than those based on hexagonal shape. It seems that circular shape tends to overestimate/underestimate the moduli for stiff/soft fibres and allows to somewhat compensate for the lack of the accounting for interactions. We believe that even better agreement with periodic results could be achieved if the problem of hexagonal inhomogeneity will be solved more accurately (with the account for the singularities at the corners, which was not done here). The algorithm can be extended to three-dimensional problems after certain modifications, which include the use of spherical harmonics for the expansions of the elastic fields. This work is in progress.
An important conclusion of the present study is that a few leading terms of the far-field expansions already 'feel' the geometrical arrangement of the cluster. Another important outcome is the discovery of some remarkable properties of symmetric inhomogeneities. The rigorous proof of those properties, both for two-and three-dimensional cases, is reported in (48) . We also believe that the extensions of the approach mentioned above may lead to more remarkable results for symmetric inhomogeneities.
where f is a sufficiently smooth function and τ = ξ 1 + iξ 2 ∈ L.
Interpretation of the integral involved in (4.3)
Using (3.9), we rewrite the integral as follows: Interpretation of the integral involved in (4.5), (4.6) Using (3.9), we rewrite the integral as follows: Interpretation of the integral involved in (4.13), (4.14)
With the use of (A.4), (A.2), the integral can be rewritten as follows: 
